We present a robust method of estimating the effective strength of singularities (the effective Hölder exponent) locally at an arbitrary resolution. The method is motivated by the multiplicative cascade paradigm, and implemented on the hierarchy of singularities revealed with the wavelet transform modulus maxima tree. In addition, we illustrate the direct estimation of the scaling spectrum of the effective singularity strength, and we link it to the established partition function based multifractal formalism. We motivate both the local and the global multifractal analysis by showing examples of computer generated and real life time series.
Introduction
The wavelet transform (modulus maxima) based multifractal formalism developed by Arneodo et al in the early nineties ¢ ¡£ has almost reached the status of a standard. It has been extensively used to test many natural phenomena and has contributed to substantial progress in each domain in which it has been applied ¤ ¥ ¡¦ § ¡¨ © ¡
. Nevertheless the respective partition function based methodology is intrinsically statistical in nature. It provides only global estimates of scaling (of the moments of relevant quantity). While this is often a required property, there are cases when local information about scaling provides more relevant information than the global spectrum. This is particularly true for time series where scaling properties are non-stationary, whether it be due to intrinsic changes in the signal scaling characteristics or even boundary effects. In addition to this, the weighted singularity selection provided by the moments in the partition function method also leads to the smoothing of the obtained singularity spectra. This can hide interesting and relevant information in the shape of the spectrum. This information can be accessed when the spectrum of the singular structures is evaluated directly from the histograms of the singularity strength. In a traditional setting, the estimation of both local singularity strengths and their spectra has the problem of being very unstable and prone to gross numerical errors.
However, with the help of the wavelet transform multiscale decomposition we are able to provide stable procedures for both the local exponent and its global spectrum. In particular, we address the problem of the estimation of the local scaling exponent through the paradigm of the multiplicative cascade. We reveal the hierarchy of the scaling branches of the cascade with the wavelet transform modulus maxima tree, which has proven to be an excellent tool for the purpose as the global scaling estimates from the partition function method, the direct histogram of the effective singularity strength provides considerably more information about the relative density of local scaling exponents and it may prove to be an interesting alternative in multifractal spectra estimation.
The structure of the paper is as follows. In section 2, we focus on the relevant aspects of the wavelet transformation, in particular the ability to characterise scale-free behaviour through the Hölder exponent. Together with the hierarchical scale-wise decomposition provided by the wavelet transform, this will enable us to reveal the scaling properties of the tree of the multiplicative cascading process. In section 3, we introduce a technical model enabling us to estimate the scale-free characteristic (the effective Hölder exponent) for the branches of such a process. In section 4, we use the derived effective Hölder exponent for the local temporal description of the time series characteristics at a given resolution (scale). This is followed by an analysis of distributions of local h and the (scaling) evolution of the log-histogram and its relation to the standard partition function based multifractal formalism. We motivate both the local and multifractal analysis by showing examples of generated and real life time series. Section 5 closes the paper with conclusions and suggestions for future developments.
Continuous Wavelet Transform and its Maxima Used to Reveal the Structure of the Time Series
The recently introduced Wavelet Transformation (WT), © ¡ provides a way of analysing the local behaviour of functions. In this, it fundamentally differs from global transforms like the Fourier Transformation. In addition to locality, it possesses the often very desirable ability of filtering the polynomial behaviour to some predefined degree. Therefore, correct characterisation of time series is possible, in particular in the presence of non-stationarities like global or local trends or biases. One of the main aspects of the WT which is of great advantage for our purpose is the ability to reveal the hierarchy of (singular) features, including the scaling behaviour. . Usually, in the absence of other criteria, the preferred choice is the kernel which is well localised both in frequency and position. In this report, we chose the Gaussian is in the forefront of the 3D plot. The standard way of presenting the CWT is using the logarithmic scale, therefore the scale axis pointing 'into the depths' of the plot is log(s). The third vertical axis denotes the magnitude of the transform
. The 3D plot shows how the wavelet transform reveals more and more detail while going towards smaller scales, i.e. towards smaller Q E ! values. Therefore, the wavelet transform is sometimes referred to as the 'mathematical microscope' £ , due to its ability to focus on weak transients and singularities in the time series. The wavelet used determines the optics of the microscope; its magnification is varied by the scale factor .
Assessing Singular Behaviour with the Wavelet Transformation
Quite frequently it is the singularities, the rapid changes, discontinuities and frequency transients, and not the smooth, regular behaviour which are interesting in the time series. Let us, therefore, demonstrate the wavelet's excellent suitability to address singular aspects of the analysed time series in a local fashion. The singularity strength is often characterised by the Hölder exponent.
If there exists a polynomial of degree
the supremum of all ( , such that the above relation holds, is termed the Hölder exponent
of the singularity at .
can often be associated with the Taylor expansion of values of these exponents, see figure 2b. This, of course, suggests the possibility of the estimation of the Hölder exponent of cusp singularities from the slope of the maxima lines approaching these singularities. An important limitation is, however, the requirement for the singularities to be isolated for this procedure to work. Note that the scaling of the maxima lines becomes stable in the log-log plot in figure 2 right, only below some critical scale
, below which the singularities effectively become isolated for the analysing wavelet. Indeed, the distance between the singular features in the test time series in figure 2 left equals
, which is in the order of three standard deviations of the analysing wavelet at
. This example largely simplifies the issue since the singular structures are of the same size, resulting in one characteristic scale at which they appear in the wavelet transform. Also, generally, the scaling of the maxima lines for other than the presented simple examples will not follow a straight line even for isolated singularities. Still, the rate of decrease of (the supremum of) the related wavelet transform maximum will be consistent, thus allowing the estimation of ( .
Wavelet Transform Modulus Maxima Representation
The continuous wavelet transform described in Eq. 1 is an extremely redundant representation, much too costly for most practical applications. This is the reason why other, less redundant representations, are frequently used. Of course, in going from high redundancy to low redundancy (or even orthogonality), certain (additional) design criteria are necessary. For our purpose of analysis of the local features of time series, one critical requirement is the translation shift invariance of the representation; nothing other than the boundary coefficients of the representation should change, if the time series is translated by some . A useful representation satisfying this requirement and of much less redundancy than the CWT is the representation making use of the local maxima of the WT as suggested in the previous section. Such maxima interconnected along scales form the so-called Wavelet Transform Modulus Maxima (WTMM) representation, see Fig. 3 , first introduced by Mal- . In addition to translation invariance, the WTMM also possesses the ability to characterise fully the local singular behaviour of time series, as illustrated in the previous subsection.
Moreover, the wavelet transform and its WTMM representation can also be shown to be invariant with respect to the rescaling/renormalisation operation
. This property makes it an ideal tool for revealing the renormalisation structure of the (hypothetical) multiplicative process underlying the analysed time series.
Suppose we have the time series . This can be recovered from the invariance of the wavelet transform of :
and in particular from the invariance of (the hierarchy of) the WTMM tree
Multifractal Formalism on the WTMM Tree
The WTMM tree has been used for defining the partition function based multifractal formalism on the moments
is the partition function of the ¡ -th moment of the measure distributed over the wavelet transform maxima at the scale E considered:
where
is the set of all maxima This dependence may be linear, indicating that there is only one class of singular structures and related exponent, or it can have a slope non-linearly changing with ¡ . In the latter case, the local tangent slope to
will give the corresponding exponent, i.e.
, with its related dimension marked on the ordinate axis
, where
. The set of values
for each value of
is the so-called spectrum of the singularities ( ! of the fractal signal. Formally, the transformation from
Note that even though the method uses the maxima tree containing full local information about the singularities, this is lost at the very moment the partition function is computed. Therefore, there is no explicit local information present in the scaling estimates; ¢ , ( or , and all these are global statistical estimates. This is also where the strength of the partition function method lies -global averages are much more stable than local information and in some cases all that it is possible to obtain. Indeed, it is generally not possible to obtain local estimates of the scaling behaviour other than in the case of isolated singular structures from the WT. A typical example of the evolution of the maximum line along scale is shown in Fig. 4a . It is not possible to evaluate the slope of the plot, not even on the selected range of scales. This is why we introduced an approach circumventing this problem while retaining local informationa local effective Hölder exponent in which we model the singularities as created in some kind of a collective process of a very generic class.
Estimation of the Local, Effective Hölder Exponent Using the Multiplicative Cascade Model
We have shown in the previous section that the wavelet transform and in particular its maxima lines can be used in evaluating the Hölder exponent in isolated singularities. In most real life situations, however, the singularities in the time series are not isolated but densely packed. The logarithmic rate of increase or decay of the corresponding wavelet transform maximum line is usually not stable but fluctuates wildly, in addition often making estimation impossible due to divergence problems when the value of the WT along the maximum line approaches zero. As a remedy for the problem of diverging maxima values in log-log plots, we used the procedure of bounding the local Hölder exponent to pre-process the maxima. The crux of the method lies in the explicit calculation of the bounds for the (positive and negative) slope locally in scale. The parts of the maxima lines for which the slope exceeds the bounds imposed are simply not considered in the calculations.
. For example, compare in figure 2 the example log-log slopes above the critical scale
, where the singularities can no longer be considered as isolated. In particular, note that the local slope near scale
. Such diverging slopes are thresholded and removed by applying the bounding procedure. In this example and throughout this paper, we use °( C bound on the local slope°( of each maximum. The output of this procedure is, therefore, the set of non-diverging values of the maxima lines corresponding to the singularities in the time series.
In figure 5 , we show the effect of the procedure on the distribution of the maxima values for a fixed scale
, for a fractional Brownian motion (fBm) record with H=0.6. The unbounded distribution has a Gaussian shape as expected, which shows as a parabola in the logarithmic plot in 5a. Bounding local slopes to °( C results in a rapid decay of small values of maxima towards the limit of h value, see the filled histogram, thus making negative moments well defined.
»
In figure 5b, we verify in log-log coordinates that the decay of the small values follows a power law.
Even with the diverging parts of the maxima removed, generally it is still not possible to obtain local estimates of the scaling behaviour other than in the case of isolated singular structures. Typically, see figure 4a, the WT maxima values strongly fluctuate, with the local slope changing from point to point. While it is not possible to evaluate the slope of the plot, not even on the selected range of scales, the fluctuations actually carry information very rel-¼ Note that removing the diverging maxima parts is only necessary for the partition function method, not for the effective Hölder exponent and the related direct spectra. Since we want to compare the two, we preprocess the data in the same way. 
evant to the scaling properties of the process underlying the origin of the input time series . As mentioned above, the WT has the ability to capture the renormalisation process (hypothetically) pertinent to the time series analysed. The behaviour of the maxima lines closely follows both the hypothetical production (multiplicative) rule and its branching process. Based on this, a local effective Hölder exponent approach has been suggested , to provide a model-based approximation of the local scaling exponent, i.e. singularity strength. The model used is exactly of the type which can be revealed by the WT -the multiplicative cascade process, a straightforward generalisation of the binomial multiplicative process.
Multiplicative Cascade Model
Let us take the well-known example of the Besicovitch measure on the Cantor set . The set of transformations
describing the Besicovitch construction can be expressed as:
with the normalisation requirement:
Additionally, we put conditions ensuring non-overlapping of the transformations:
while all the respective values
are from the interval h P T ! . For equal ratios, , we recover the middle-third, homogeneous distribution of the measure on the Cantor set. We have the non-homogenous, multifractal Besicovitch measure for non-equal , we then have
and the local exponent is related to the product Ú Q Û @ Ü ) Ý Ú u of these weights:
In any experimental situation, the weights É are not known and ( « has to be estimated. This can be simply done using the fact that for the multiplicative cascade process of the kind just described, the effective product of the weighting factors is reflected in the difference of logarithmic values of the densities at and o » t along the process branch:
The densities along the process branch can be estimated with the wavelet transform, using its remarkable ability to reveal the entire process tree of a multiplicative process . It can be shown that the densities Ö ! can be estimated from the value of the wavelet transform along the maxima lines corresponding to the given process branch. The estimate of the effective Hölder exponent becomes: . We can, of course, pick any of the roots of the sub-trees of the entire maxima tree in order to evaluate exponents of the partial process or sub-cascade. But for the entire sample available we must use the entire tree and for this purpose, we can only do as well as taking the sample length to correspond with E , i.e.:
Unfortunately, the wavelet transform coefficients at this scale are heavily distorted by finite size effects. This is why we estimate the value of
using the mean ( exponent.
Estimation of the Mean Hölder Exponent
For a multiplicative cascade process, a mean value of the cascade at the scale E can be defined as:
where the
is the partition function, Eqn 3 of the ¡ -th moment of the measure distributed over the wavelet transform maxima at the scale E considered. This mean gives the direct possibility of estimating the mean value of the local Hölder exponent as a linear fit to
We will not, however, use the definition 5 since we want the Hölder exponent to be the local version of the Hurst exponent. This compatibility is easily achieved when we take the second moment in the partition function to define the mean 
Employing the Effective Hölder Exponent in Local and Global Spectra Estimation
An estimated local
can be depicted in the temporal fashion, for example with a background colour, as we have done in figure 8 . The first example time series is a computer generated sample of fractional Brownian motion with , indicating both smoother and rougher components. In particular, one can observe an extremal red value at the '87 crash coordinate, followed by very rough behaviour (a rather obvious fact, but to the best of our knowledge not reported to date in the rapidly growing coverage of this time series record) £ e . The third example is a real life biological time series and comes from aphids. This is the temporal record of electrical resistance, a 'penetratiogram', reflecting the penetration of the tongue of the aphid through the plant cell wall. We attempt to characterise the different regions of the time series, visible as a number of hierarchical 'pits' of certain depths within the signal. With green focused at the mean Hurst exponent
, the result quite convincingly shows the patchy difference in characterisation of the pits at (two) different levels of pit hierarchy. Stripes of a different colour spectrum indicate a high level of nonstationarity of Þ ( distribution. Note that the obvious amplitude difference does not influence the colour in the plot due the fact that constant offset is filtered out by the wavelet usedthe colour is due to a genuine difference in the local scaling exponent.
The last example shows a record of heartbeat intervals recorded from a healthy human heart. Contrary to the two previous examples which show a high degree of localisation (or non-stationarity) of the exponent strength, this plot shows an intricate structure of interwoven singularities at various strengths. This behaviour has been recently reported to correspond with the multifractal behaviour of the heartbeat. The green is centred at 
Log-histograms of the Effective Hölder Exponent
Let us for now, instead of selecting one
value band across scales and analysing its scaling, group the estimated local scale-wise
into histograms for each scale value, using bin size There is, however, a substantial amount of information in the log-histogram at a particular scale which can be analysed without performing the scaling analysis. The loghistogram shows the relative probability density of the Hölder exponent per scale. Assuming that the scaling of log-histogram is linear in log-log scale, the shape of the loghistogram remains invariant across scales and converges towards the shape of the 
Scale-wise Evolution of the Effective Hölder Exponent
In addition to one scale plot showing the colour spectrum of singular behaviour, we can also see the scale position locations where the effective Hölder exponent is near a particular value. We show an example band of 
is evaluated in the standard way from the scaling of the log-log plot, as in figure 10b . Obviously the width of the band of the exponents is a parameter of choice, (is subject to arbitrary choice) but this does not affect the slope of the log-log line within the realistic range of the ¤ . Three example log-log plots for three values of
, are shown in 10b. The slope of the log-log plot remains practically independent of the band width, this is especially true towards the small scale limit. The vertical shift in log-log plots is of course due to the decrease/increase of the maxima points within the selected band with its width decreased/increased. Similarly the variance of the log-log plot visibly increases with the decreasing band width.
Direct Spectra from the (Bands of) the Effective Hölder Exponent on the WTMM Tree
Calculation/evaluation of direct spectra from the ¤ bands of the Hölder exponent simply accounts for covering the entire range of the local effective Hölder exponents detected on the maxima tree. In figure 11 , we show the entire Þ ( ! spectra evaluated for the white noise sample of 16k length and for the record of healthy human heartbeat intervals of equal length. We used the band width of
. The width of the spectrum of white noise is non-zero, as is inevitable for the finite length sample; still the heartbeat sample clearly shows a considerably wider spectrum, confirming recently reported findings . Due to the fact that it relies on selecting a very narrow band of exponents, this procedure is, however, inherently sensitive to the choice of parameters such as the band width and the density of sampling of the scale axis. While the latter equally affects the partition function method, it does not pose any serious limitation since it can be increased at will, only adding to computation costs. In the case of the band width ¤ , only inherent to the direct method, we would, however, need to be assured of some elementary degree of stability. The experiments indicate that the spectrum obtained remains stable for a wide choice of . Right: the direct multifractal spectrum of the fBm sample of H=0.6 is not corrupted by the 'outliers' -the end of the sample singularities, as is the standard partition function method spectrum included for comparison.
At the cost of the slightly lower stability, we obtain the advantages of the direct spectrum calculation. The spectrum better captures local variations in the scaling of the ( bands, where the partition function method provides only rough, 'outline' information about the ( ! spectrum. In particular, the partition function spectrum can be dramatically corrupted by outliers (e.g. the end of the sample singularities, resulting from the linear trend present in the sample). The direct method seems to be much less prone to such behaviour. An experimental verification of this is shown in figure 12 . Both types of spectra are calculated for the 16k record of slightly correlated fBm of H=0.6. This sample contains some effective linear trend in it, which results in the 'trivial' end of the sample singularities, see figure 9 top. The partition function method is inherently unable to distinguish these singularities, resulting in a wide spectrum which can easily be suspected of being multifractal in origin. On the contrary, the direct spectrum quickly falls away for singularities lower than 
Direct Spectra from the (Bands of) the Effective Hölder Exponent on the Entire CWT
We have already mentioned that the procedure of direct estimation of Þ ( ! is inherently unstable due to selecting a very narrow band of exponents, and thus a small subset of the maxima lines per scale level. This is the reason why it provides considerably less stable scaling estimates than the partition function method, which is actually at the other extreme, taking all the maxima as the support for the measure of which the moments are calculated. . We have attempted this in a slightly different way, making use of the redundant information contained in the original CWT (as opposed to the WTMM used thus far). The comparison of the direct spectra obtained with both WTMM and the CWT suggest that the CWT may contain some information lacking in the WTMM, this is especially evident in the smooth part of the spectrum. Indeed, the maxima lines primarily restrict the representation to the strongest cusp singularities, potentially leaving out the intermediate, relatively smoother behaviour. The CWT direct spectra show excellent stability with respect to the ¤ band width variation. In figure 13 , we went down to spectacular ¤ 3 h ý sh D h T resolution and observed the main body of the spectrum conserved with only the background noise slowly increasing.
Conclusions
We have presented a method of estimating an effective Hölder exponent locally for an arbitrary resolution. The method is motivated by the multiplicative cascade paradigm, and implemented on the hierarchy of the wavelet transform modulus maxima tree. Contrary to the intrinsically unstable local slope of the maxima lines, this estimate is robust and provides a stable, effective Hölder exponent, local in scale and position.
We have presented a number of real life examples using this local exponent estimate. The colour exponent panels included show the intricate scale-free structure of the time series. The exact implications of this structure, of course depend on the application.
In addition, we have illustrated the possibility of the direct estimation of the scaling spectrum of the effective Hölder exponent and linked it to the established partition function multifractal formalism. Almost as stable as the global scaling estimates from the partition functions method, the direct histogram of the effective Hölder exponent provides considerably more information about the relative density of local scaling exponents, and may prove to be an interesting alternative in multifractal spectra estimation. In particular, we have considered the direct estimation of the singularity spectra from the entire CWT. In addition, to improved stability, these spectra can possibly reveal more complete singularity contents in comparisons with WTMM based spectra.
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